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AA nnaallyyssiiss 33 Ssuummmmaarryy Variation of constant : yin = any + bin
conservation laws :

conservation laws are PDEs describing the evolution of conserved
Based on the lecture

"

Analysis 3
" held by Prof. M . Iawbeui HSU AIN =/ a 1×1 dx PIN=/but e- A""d× ⇒ YIN = Fe

""
+ PINE

" ""

quantities . Here ✗ is the spacial ratable and y the time variable .
Author: Lina Dewindt contact : ldewindt@ethz.ch ✗

' 14-11×11-1=0 ⇒ ✗ ltkcét General formulation : u= ulx, y ) ldh. ynt , y> o)
Most important ODES :{ ✗" IH -111×11-1=0 ⇒ ✗ It f- ✗sin (Nñtltpwslrt) u:/Rx [0

,
a) → IR

✗
" 11-1-11×114=0 ⇒ ✗ It)= ✗sinhlrttpwshlrft) Uy + (Fla))✗ = 0 } equivalent F : IR→ IRBasics

Uy + Clu)U×= 0 clul = Outlaw) Flak flux
let u = ulx

, y ,
H 1. Order linear & quasi linear PDEs with initial data uh

,
01=41×1

µ Flak Sandu
Partial Derivative : d×U=¥u=U× (same for y , Z) . ↳ how to solve: Method of characteristics ( Mac)

Transport equation : Uy + cU×= O l special case of conservation law w.cc- IR )Gradient : Pu = Lux uy uz )T general idea: PDE : FIX , y , u , ux , Uy 1=0
→ establish a relation between

Laplacian : ou= Fu = U ✗✗ + Uyytuzz
the solution u and the tangent plane to the graph u .

How to solve ? → nach wie vor M.o.ci )

PDE : Partial Differential Equation alx.yluxlx.yltblx.yluylx.gl = clay ,
us PDE

What's new though ? → Now Characteristics are straight lines .

⇐a

General form : { ulxocs)
, yds))

= u.is) initial condition And : The Transvenality condition will guarantee local existence and
Important equations : + Cooking recipe: uniqueness of a solution up until the critical time .

1. Find the initial curve from the initial condition : {
"

Waveequation : Utt - doll
-

- 0 767=1%61
, yo 1st , ñols))

I 1×6,01 , yls, 01 ,
ñls

, 0) ) Critical time: YE inf
SHR:(clu.is#co(clUolsD)s } Inf- greatest

Heat equation: ou - Kut = 0 ✗ Is , t) , yls.tl are the characteristics . (ñls , ok ulsp))
Laplace equation: ou= 0 Poisson equation: ou-- flu) ⇒ 0 2

.
Solve the following system of ODES: Udsleinsetzen

,

""
"" ""
""" " """ ° """" """" """""

y, , , ,y, y.mag.wn.am, , msn.mg.ny.ny.yn.p.mn .

"
Y" -4in

,
;f¥(¥( ago,

"wer bound

dannableiten
.Condition Types: tjo E-0

Initial Condition: ( Xo , 01 Boundary Condition: ( 0 , t) dty It , D= bl ✗ It is) ,ylt.SI/w.ylo1--yols)i:::::::..::::-:.::::::::::::-÷:* .""" and yeta if clues))s30 .
then ulx.ykuolx-clulqy.by)Well posed problem: 1. Existence : Problem has a solution

3. Express s and t depending on ✗ and ylotherwise : ill - posed) { 2- Uniqueness : Problem has only one solution3. Stability: Small change in eq . or data ⇒ small 4 . Riicktrafo : Insert stay) & t lay) in ult , s) and find ulx , y ) Bem: If the initial condition ulx ,
01 is never decreasing ,

we will not

change in the solution . have a critical time ye :)Ñ It
, st-ulxlt.SI , y It , s ))

⇐ > ulx
, y / = ñltlx, y) , six, y))

strong solutions: if all the derivatives of the solution that are gesuunt
Also : if ycco ,

then no critical time I since yzo)
in the PDE exist and are continuous

.

Bem: strong sot⇒ weak sot . 5. Verify the solution Iplug it in PDE and see if it matches ) . But what happens after yo ? → We must intWeak solutions: Are only valid in some domain of the problem .

Transversality condition: must be fulfilled for the problem to have a sot.
Superposition principle: if a PDE is linear and homogeneous , then

any bin . combination of solutions is also a solution . g. = def (
✗+1° 's) Yt / ° 's) aols) bots)) -1-0✗ s lo , s) yslo.SI/=dlt(dsxodsyo

Classification of PDEs where the transversality condition is fulfilled ,
there exists a

Order : highest order partial derivative . Uxyztuytuxio
→ 3 local solution

,
because the mapping ✗= ✗ It

,
s) and y=y Itis)

Linearity: If u and all its partial derivatives only appear linearly is invertible
. if 3=0 ,

then there is 0 or a -

many solutions
:C

.

Quasi - linearity : linear in highest order derivative term Obstacles to global existence: E
Bem: ñiyzuxxxtuxx --0 is quasi linear ! i) solutions can blow up in finite time

semi- linearity: all derivatives are linear ( but not u itself) in PDE ii) If the characteristics cross the initial curve Tls) more than once
Homogeneity : f- 1×1=0 (no term not depending on a) iii) If derivatives intersect with each other

u→= /✗ y u )T
ODE solving Methods Graphical interpretation of M.o.ci.

We can rewrite the problem as :( & )%¥y)=o ,linear ODE W. constant coefficients: and" ltlt . . . + a. ✗ It)= flt) - -

→ general solution: ✗ It) = ✗pltltxhlt)
normal to solution plane iilxy)

so (F) is A- to the normal → so tangent to ii.✗hlt) : Ansatz: Xhltl = edt ⇒ Chp Id) : ✗
'"'
→ d

"
⇒ in

,
dz

,
. . .

⇒ ✗hit) = Ae
"'t

+ Be
"'t

+ . . . By integrating the tangent overt , we get the solution 1since tangent
Xp It) : Ansatz : Xp It) ~ similar to flx) → plug in ODE & find coeff. = derivative to ii )

.

So we get the following Differential equation:
separable ODE : ddx-ylxt-flxl.gl y) ⇒ % dy = flxldx dat / E.)=/1) With this we get the characteristics which are tangent

to ii. We can then knit the surface of-6 w . the help of I. C.⇒ Gly) = dy=/ flxldx = 1=1×1 ⇒ solve for y

rnoduce weak solutions
that satisfy the PDE in each Region D; ( D=#Di ) and the integral
form of the PDE in the whole domain D:

Ut: Solution on the
[u lay)]%dx= - /

%
[flukyD)

"b

dy right side
y, yn ✗ = a U? Solution on the

left side .
Boundaries between Di are called shock waves

.

Rankine Hugoniot: dytlyk
F' "" - F ' ""

I speed of shockwave
ut - u

-

shock waves have to satisfy the RH- condition !

The weak solution on the problematic section is then : u={UD^=ñ ✗ ' Y'Y'

on this side of y we
Upz = Ut ✗ >y (y)

choose the solution
shock wave Y ( Y )corresponding to Dz

)y ← after y, : no unique sot !Graph: ^

Problematic section :
""P D' characteristics intersect !

→ Weak solutions
.

ye - •

Dza- µ# on this side of y we
choose the solution

→ Y Ts fix , t variable corresponding to Dz

T T r t > ✗ ( hier : Is when 1- =D
different characteristics depending on the initial [ t=o

,
s variabledata in each region .



Entropy condition : clutcdyyly) ( Cli ) btw
.
F' ( ut ) cdyyly) ( f-

' Cui) w/sink 1=13 )+ Gly) so ulx.tl __F±tt)+Glx-U
- Solve for w l using d ' Alembert for homogeneous Waveequation

A weak solution satisfies the entropy condition , if characteristics only enter backward travelling forward travelling wave
- finally: u=w+v

shockwaves but do not emanate from them .

F is constant along ✗+ et Bem: If we want to solve a waveequation on some domain , we extend
⇒ use this to select the best weak solution .

F' ↳ are characteristics and :{G is constant along ✗- d- the problem and make the initial conditions coincide w .
the

tweak sol. that satisfies entropy condition is better than one that doesn't ) classification of PDEs in these variables: initial problem .

cooking recipe finding weak solutions: " '" Y' '→ W' 5in" W 'S ' "Y' ' n'" Y" Wave equation with Boundary conditions : 2 Cases :1. calculate yo . { ¥?:p;Y÷
wsntñwstewntfw-7

If 7 yet a → classical sot
.
break down somewhere → we need Parabolic: Wss +Ñwstewntfw =g~ Case 1 : If we can use symmetry to

"

eliminate
"

the B. C :

weak solutions for domain after yc ! Wsstwnntdw, + éw~+f~w=g Extend the Problem w. suitable flxl , glxl ,
then use

2. Before ye: solve for classical solutions Cauchy problem w . homogeneous waveequation : without B. c. ? homogeneous / inhomogeneous d ' Alembert depending on PDE .

3. After yc : solve for weak solutions : att - c2u××=o (at) c- IR ✗ 10
,
a) Case 2: Use separation of Variables lgenauer in section W

.
Heat of .)

3.1 Calculate the shock wave yly) :
• slope y

'

ly) lw.R.t.yl.lu.
Rankine Huyoniot { " "" off "" ✗€1K initial Position } initial conditions Parabolic PDEs - The Heat equation

Utlx, 01=91×1 ✗ c- IR initial velocity• shockwave goes through critical point ( ✗c. yc) General form of the heat equation : Ut - KU××=0
(✗i. find out either graphically or calculate where the The solution is given by : d

' Alembert 's formula for homogeneous Waveequations : Homogeneous 2nd order linear PDE
3.2 Check if entropy condition is satisfied .

characteristics intersect
. )

f- ( ✗+ ct ) + f- ( ✗- ct) ✗+ it

Cauchy problem, {
Ut - KU××=O ( ✗ it) c- [Oil] ✗ [0,4 PDE

3.3 On the
"

left side
"

of shock wave : u=ñ on the
"

right side
"
: u=u+ ulx ,t)= + L-cfx.gg/y)dy ulx

, 01=-11×1 Initial Condition
4. Write down the whole solution I depending on domain & time section !) 2

ulo.tk u 141-1=0 Dirichlet

Important property: Sol. of conservation laws are constant along their Properties : Boundary condition: one of:{ umx.nl?etdt-Uxl4t1=0 Von Neumann

characteristics lxlt.si
, ylt.si , ñlt ,sD ,

which are straight lines .
- Singularities propagate along the characteristics

V. SEIR
,
the characteristic through point lay)= Is ,o ) is the line in

- If g and f are even / odd/periodic then u is also even /odd /periodic How to solve these problems:

the lay) - plane through Is, ol with slope and on this line
,

↳ So: if a problem is well posed only for some × , we can even -Separativetakes the constant value u.is) . Or odd- extend the problem and solve with d ' Alembert 's formula .

↳ such that we can eliminate the B.C.
→ fix s and vary t . constant means : dtlcharacteristics)=O Domain of dependence : t Kayo)

Also : The transport eg. does not smooth out w. time . D. h : if there are any The solution in lxo
, yo) depends on

singularities ,
these stay & are transported along the characteristics ! flxotctol-flxo-c.to) and
2. Order PDEs gin the interval Exo- Cto , xotcto] ,- > ✗

[
Principal part Region of influence: t

✗otto ✗onto

a
.*÷É;÷:*General formulation : L{ u}= aux✗ + 2-buxytcuyytduxteuy + fu=g All points satisfying ✗- cteb

,
✗+ at > a

where a. b. c. die , f , g can depend on ✗ andy. are dependent on the initial condition on
Bem: We can describe a 2nd order bin

.
PDE as an Operator L{u} .

the interval [ a ,b]
b-- ✗- it

%É sing . } > ✗

Classification: Discriminant : 814 = b'- ac Inhomogeneous Wave equation :
Utt - dU××= Flat) =/ 0 (✗it) EIR ✗ 10

,
a)
at "

↳ Hyperbolic : 814>0 → d' Alembert formula
↳ Parabolic : 814=0 Cauchy Problem: { " 1×101=1-1×1 Flatt external force acting on the wave
↳ Elliptic : Shuo } separation of variables quo)= guy

zuerst nach }There are 2 ways to solve this Problem :

←
Bem: no B. C '

integrieren , danachHyperbolic PDEs : The wave equation in IR
a- ulx.tl 1) d

' Alembert for inhomogeneous Waveequation :
Nacht

Homogeneous Wave equation: Utt - CZU ✗✗ = 0 lx.tl c- IRHO,+ a) ✗+ et t ✗+ clt -it /
To solve this equation ,

we introduce new variables:
' HR : wave speed

u /✗ ,t)=
f- 1×+4-1 + fl" 't) +¥

,
gods +Eff Fl} ,-11dgdiz2C

o ✗- clt -T)

flat)= ✗ + Ct and qlx.tk ✗ - ut
2) Superposition principle :w/5,2) = ulx 15in) it 15 ,nD Recall : wlslxitl.nl/ytDt=WgdF-tWyYt- - Find / guess a vlx.tl such that Vtt

- dv××= Flat)
- Use superposition for linear PDE : since u solves the C.P. and v isUtt= il Wss - Zwsntwnn)} eg : Utt - iu××= - 4iWsn=0U✗✗= Wgg +ZwgntWan as defined above → define w=u-v :

Wtt - cZW××= 0⇒ Wgn -_ 0 is the canonical form of the wave equation . { WIX,D= ulx, 0) - v 1×107 ⇒ We now have a homogeneousThis equation implies Separation of Variables ( SOV) :
wtcxiy-utlx.ol-vtlx.co) Cauchy Problem ! :)

( used to solve linear PDEs in general).
on of Variables : ulx.tk ✗ 1×11-11-1

For the heat equation: We follow the following procedure:
1) Identify the problem: 1.1) PDE

1.2) Boundary condition
1.3) Initial condition

2) Apply separation of variables to PDE and extract ODES . Assumeulx.tk/lx1Tlt1XT'-ix''T=oc--cIf-=fY-=!-d
A>0

2.1) ODE for ✗ ( w . B.C.)

2-2) ODE forT (w. I. c.)

3) Find general solution for ✗ → make case distinction for A & find out a
4) Find general solution for T I used we found out in 3D In general : we do riot want
5) Formulate general solution for ulx.tk/lNTltI the trivial sot. UH,y7=0 .
Don't forget : general solution = linear combination of all possible solutions !

b) Use the initial conditions to determine the coefficients
7) Enjoy and write down the full solution .

But don't panic ! There are shortcuts :)

① Homogeneous Wave & Heat equations w . homogeneous Boundary Conditions
Heat: Ut- du✗✗= 0 Wave: Utt - du✗✗ = 0

Initial conditions: u 1×101=1-1×1 UH
, 07=-11×1 , utlx, 01--91×1

1. General solution forT:

Heat : Tn= e-
i It wave: Tn= An Ws (E' ct) + Bnsin /" ct)

2. General solution for ✗ : ( depending on boundary conditions) :
Dirichlet : u 10

,
tkull it1=0 ⇒ ✗

n
= dnsin ×) n= 1,2 , 3 , . . .

Von Neumann:{✗
↳t> = Ux 141-1=0

or ⇒ Xn=anws(E"✗) no ,
,
, z, . . .
④=/¥ )

"

Ux 10,1-1=4×11 , t)



3. Finally , combine both : → at exam : show that these indeed satisfy the B. C. ? Elliptic PDEs -The Laplace & Poisson equation
Or for D. B. C : Add a harmonic polynomial palmy)-- aotanxtazytasxy

⇒ Heat equation ut- kU××=O homogeneous ! Laplace equation: ou=u××+uyy=o
→ ñ=u+pµ .

Then scale ai to make the boundaries of ñ continuous .

✗
Poisson equation : ou=U××+uyy=flx,y) ( inhomogeneous Laplace)

3. Solve problems for us and uzlorñ, and ñz ,
or simply u) w

.

Dirichlet B. C : ulx.tk#Ansin(nI-x)e-K
¥

separation of variables : u=XWYly) → use B.c. to find coefficients
ulxiy) is a harmonic function if it solves the Laplace equation .

← Fourier decomposition :) For elliptic equations : ✗ andy are both spacial variables (sometime variable)
• In the homogeneous direction ( here: ✗ for uz , y for ur)

w . An -_ E- [flxlsinl ×)d× or take directly from I.C. Dirichlet Problem: Disadnomain in RZ: D.B.ci/--nIAnsinlNdTlx-aDTsolveforthis direction first
• {outplay) ( ✗ IYIED y=¥Ansin(vii. (y-offsets !

"

"

find out
"

"
"

von Neumann B.C: ulx.tt-IB.tn?gBnws(nY-x)e-KlT'-It u=gl×,y) z

Neumann Problem :

"" " ← °"

,N.B.ci/=aox+po+EAncoslNdn-lx-aDdn=bIa-)ifsdvingfrXnw.Bn--E- ftp.lxlws/n-Yx)dx or take directly from I. c. outplay) ix. g) ED
n

?_?Y=%✗+po+EAnwslNÑCy- c)) dn=(I;)
'

if solving -frYn{ dvu-i.Ju-glx.gl Cx,y)EoD %
E- DUOD • In the other direction:

⇒ Wave equation: Utt - cZu××=0 homogeneous ! Problem of the 3rd kind:
E- Normal vector on DD D.B.ci/=nE,CnsinhlVdTlx-aDtDnsinhlNiIlx-bD

{ou=fl×,y
) lay)ED du -- RichtungsableitunginDirichlet B. C: ulxitl-n-I.sn/Fx)fAnws(Fct)tBnsin(Fct)] ui-dru-gcx.gl ix. g) c- op Richtungvonii . Y=ÉCnsinh /Nitty- d) + DnsinhWÑn( y- d ))n=7

Maximum / Minimum: Julio,yo)=0N.B.ci/=aox+po+EcnwshlVdTlX-aDtDncoshlNiIlx-bDAn--?-ftflx1sin /n¥×)dx ouch
, yo )EO

or take directly from I. c. Conditions for a Maximum in Ho
, yo):{ u××( ✗ago, so Y=%✗+po+Éncoshwdn-ly-cbi-DncoshlNI.ly- d ))W

.

Bn=?n☐-[ glxlsin ×)dx Uyylxoiyo) 10 4. Use B. C. to find the coefficients
Julio,yo)=O 5. If needed : add both solutions : u=u , + uz

b. Subtract ✗ 1×2 - y
') ( pµ)if used :u=ñ- ✗ 1×2- y

' ) ( u=ñ- pm)
von Neumann : ulx.tk A°+zBt+Éws(¥x)[Anws("¥t)+Bnsinft)] Conditions for a Minimum in ix. yo):{ ☐" ""

' %) > °

Uxxlxoiyo) 20 Inhomogeneity Laplace equation in Polar coordinates :
of the Laplace

An= E- ftp.lxiws/nF-x)dx or take directly from I. c. Uyy 1×01%1>-0 equation

W . Existence of solution to the Neumann Problem: A necessary corfdition forBo fotglxldx ,Bn=¥,[glxlwsl ×)d✗
the existence of a solution to the Wegintegral Fiaicuenintegral
Neumann Problem is : fglxlstylsllds-f.fi/,yIdxdyBut what do I do for the inhomogeneous Heat - / Waveequation ? op iiberse

② Homogeneous Boundary Conditions , inhomogeneous PDE : Proof: GaussTheorem General solutions :

A, n= ,

Laplace's equation in rectangular & circular domains : ⑦do)= A1. Use the solution for the homogeneous case without solving for 1- It) :
✗ 1×1

n
↳ To solve : nachwievornSeparation of variables

If mixed: do the whole
u ,×,µ= { nÉTnlHsin(¥×) Dirichlet B. C- derivation

.
find ✗ by

d- . - .
"=h

d- . . .
"" °

d- . . .
"" h

solving the corresponding u=f 0U=O 4=8 Iui-fou-oui-g-ui-oou-oui-on.FI/-nlt1ws(YIx) von Neumann B. C. homogeneous Problem.
c-

- "

; u=k ; >

c-
- "

; u,=o ; >

c-
- "

i
,

uik ; >

2.Then express the inhomogeneity in the corresponding basis ,
And insert :

a b a b a b

General Procedure :
Itn"✗nlN - dn-21-nxiilxl-hlx.tl = Ecnltlxnlx)

n 1. check the necessary conditions for the existence of a solution:ETnlolxnlxt-flxl-n-cnxn.IN ^

ñtuy;kd d b b d-. . . . .

ETntolxnlxl-gby-z-ncnx.nu, { initial conditions ,,Neumann: fodnuls)ds= /gdy-ffdyi-fkdx-fhdx-t-Oui.fr rung
DD C c a a

Tn"ltltd(TIYTnltl-cn.lt) c-
"

uf.int; :Remember : dn=7ñ
,
in
>

shows away from domain . ia ; >

We thus get:{ tnlol-Z-f.tl/nlx1flx1dx ⇒ solve these ODE for each no Dirichlet : the Boundary conditions must be continuous : b

Then use I. C. to determine

1-n' 101__É[Xntxglxdx the coefficients. kla.ct-fla.cl A glb.ct-klb.org/b,dI--hlb,d1Ahla,d1=fla.d)
Bem: sometimes

,
these conditions are not met . In these cases , try to modify the③ If the Boundary Conditions are inhomogeneous: problem slightly by adding some function tou .

2. If needed : split the problem in 2 sub - problems such that boundaries1. find a wcx.tl that satisfies the Boundary Conditions & define a- u-W .

are zero on opposite sides . Then verify the conditions (step 1.) again.
2.Then solve for I like ① or ② depending on Homogeneity of PDE. rswhen B.c. condition is not satisfied
3. Finally , U=WtW If needed : introduce ñ= utility' ) and find ✗ such that the condition is fulfilled.

If ou-401 Poisson)→ find f- such that u :=u+f is onto

Laplace Operator : ow=Wrr+Fwr+÷woo
Problem : ow -_ 0 inside a given domain + B.C.

Method : nachwievor Separation of. Variables : wlr , 01=1361040)

{ nsinlno-li-Bncoslno-lm.io n=NÑ

Rnlr) = {↳
+ Dologlr) n=o

Discard if r=0 EDcn.rhn-t-D-nn.to
General final solution :

to

wlriot-t-tbologlrlt-gftnsinlno.lt/3ncoslnO-Drn+CCnsinln01t' Dnwsln -077in

BoundaryTypes : Bem:U-Types : insert B.c. in general sold find coefficients.
Type I: Circle : I={ OERER ,

010<2+13
^

WIR,O)=flO) given ou=0

Boundary Conditions:{④ 101=0+(2+1) Yi
>

④
'

lo)=④'m,} Periodicity conditions
to

General solution: wlriol-coi-EMIAnsinlno.lt/3nwslnO-Dn=t
^

Type I : Ring : D-={RiErERz
,
OEO< zrn }

Rn

WIR
, ,O)=flO) ④ 101=+012+11 I

>Boundary Conditions: given:{ wino)=g1µ Periodicity:{④ '

101=0-12×1
q
, \Rz

General solution:

wlr ,O)=EtF1oglrt+§?{rn[Ansinlnoltbncoslno)]+r-" [Cnsinlnol + Dnwslnoi}



Type# Circle section: D- ={ Oer :*
, Otley} n Mean value Theorem: Max /Min auf Rand finder.

Boundary conditions: WCR ,
01=4110011 Let ulxiy) be harmonic in D and let Brlxo, yo)ED be a

Sei y
:(a. b) → IR" die Parametñsierung des Randes . Dann

In this case
,
we only look at N.B.CI D. B. C : )hm Ball of radius Reentered in lxo ,yo) . Then : + mya,

① '
101=0

2hr

D.B.C:{④101=0 N.BE:{④g)= , > Sind die kandidatenfiir Max/ Minanfdem Rand die Punhte
,
die

④ (g) =0 Ulxls) ,ylsDds=foulx.tl?ws0,yo+RsinO-)dOulXe,Yo)=#R!BRlxo,yo)
+a + ad-dt-foylltl-oerfiillen.wlr.DK#Ansin(nj-O)rFwlriO1--Ao1-¥Anws(¥-0)r^¥ in words :

"

the central value of ululxo.gr) is equal to the average value
of u along the boundary of the Ball centered at ix. yo)

"

Type # : Ring section: I={ Rare Rz , 010<-8 } ^ Richtungsahleitung :
off ,= limflxthv)

- f- (E) Fund -7in denseeben
Strong maximum principle :

Boundary conditions:{ WIR"
= KID Koordinaten !

WIRZ
,
01=410) n""

let ul✗iy) be harmonic in D. If u reaches its maximum inside D
,

h→o h

In this case
,
we only look at D. B. C and N

.
B. C :

>
then U is constant on a" D. analogously for minimum .

b
way:[ a. b) → Rn

b t ↳ ylt)wegintegraliiberskalarfddiffwdx-faflyu-DHjltllldt.at,D. B.c:{ 0-101=0 Proof: Use the mean value principle and the fact that in a circle falls ygeschlossen : Gebiet auf
④ 181=0 ⇒ wlriot-EAnsinf.IO/rF-Bnsin(nyIO-)r-FceroundlXe,yo1 , the values must average lay.) , so they must all meinerlinkenseite ! 8

h=1
be equal to ulxo, yo) since ulxoiyo) is the maximum -

Then the Transformationsregelbei Integrates : four, fljldj-fnflEIIDldetdot.IN/dxto

N.EC:{④ io.co④yy,=o⇒wlr,O1=Ao+Bologlrtn§Ancos(^¥O)r¥tBncos(¥10)iÑ function is ¢ on a circle that we can expand on all D.
Polar : ffflx,yld×dy=f%RflrwsO.rs/-nO)rdrdO- Kugel:r2sin0drd0d4

2hrFor Parabolic equations: ¥fHds={fl IRDQ

Theorems and Principles Weak Maximum /Minimum Principle for the heat equation:

For 1st order PDEs :
let Ut= Kou on the Domain QT=[01T] ✗ D. The parabolic boundary is Kettenregel :
defined as : dpQt={{o}✗DU[0,1-1×013 } .

i
Existence and uniqueness Theorem for 1st order PDEs : in higher Dimensions : ID:(fluid))s=dufcuispdsulsdds-flulsD-dd-f-ddYNow.letubeasol.ofu-t-kouon-Q-ar.cl-

Assume FSOEIR so that the transversality condition holds . The let Dbe abounded domain
.

Then u reaches
7 ! /there exists a unique) solution u of the Cauchy problem defined

,,

ID : flxlsithyls.tl/-- ¥ . + ¥ .¥at gut"u××=0, "in a neighborhood of 1×10,41 , ylo, so)).
its maximum /minimum on dpQT.to

,

y, y ,
c)2

For hyperbolic equations: maxu -- max u flxlsithylsitl)=¥(¥ +¥ .¥)=¥- ¥-2 +0¥ .÷iIT dpQt 9%
Uniqueness of the solution of the Waveequation: IT

' ✗

Utt - dU✗✗= Flat) ,
✗ EIR ,tElo

,
+ a)

↳
Very useful to prove the uniqueness of the solution to the Poisson eq .

The solution to { ulx, 01=-11×1 ,
✗ c- IR Uniqueness of the Dirichlet Problem for the Heat equation : Trigrules :Utlx, 01=91×1 ,
✗EIR is unique . Ut - K0U=f in QT

Uloix)=g on D has a unique solution . owslH=1z(ei×té"Y • sink)= File
"
- e-

i×) • Costa + sin 1×1=1
Costa = Cosby

For elliptic equations: remember: solutions are harmonic functions
{Ult ,×)=h on [0,1-1×017

• wshlN=1zle×te×) • sinhlx)=1z(e×- e-× ) sintxt -sinks
tanfxt - tank)

• tank)=si# • sin '(✗)=wsW • sin> ✗= ¥13 sinx - sin (3×1)Uniqueness for the Dirichlet Problem for the Poisson equation Extra wscx,

{ou=f in D then the Problem has at most one solution
• sin / ✗±y)= sinlxwslytsinlywslx)

• cos
>
✗ = 4- (3005×+00513×1)

u=g on DD UECZID> ACCI) Sol. for Laplace is not unique TIPPS for Proofs :
• cos / ✗±y)=wsl✗)wsly)F sinlxlsinly)•When you have to prove

that a solution is unique: Assume that
• sin- 1×1=-12 - lzwslzx)Weak Maximum / Minimum principle : u,

and uz solve the problem . then set v=u,- uz and prove that
rsdarfanchoffensein VEO / by argumenting w. Max / Min) → then u ,=uz .

• c0s4×)= 12+1200512×1
Let Dbe abounded Domain & uh,y)ec4D) ACIBJ a harmonic
function . Then take its maximum /minimum on OD

.

• When you have to prove the weak maximum principle : sin✗sinp=^
Try to show that maxu> maxu minus Minn

Max U= maxu & Mi⇒
g

'

n U= % U OD 5 DD D-
OD 15 The other way round is obvious since ODCD

⇒
you thus get "=

"

Proof: let uelx.ly/=Ulx,yltElX2ty4w.E> 0 , u harmonic . !
0
.
But on

show that u is a weak solution :If Max uelx.yt-ulxo.y.IE D then 0U{ ( Xo , y.IE
the other hand

, ouelxe.yoi-outoelxzi-y.it/,x..y.,=ecz+z)=4e>of
1. U has to satisfy the PDE in each region

so ue must obtain its maximum on OD . 2. (If any) discontinuities : Across discontinuities
,
the

⇒ maxutmaxv-maxv-maxutmaxe.li/-y3 Shockwave has to satisfy the Rankine- Hugoniot condition .
I I did OD OD

Wichtigellngleichungen : Max / a- b) a- Max a- minb A min / a- b) 2min a- maxb
And for {→ 0 we have mgax us Max U maxatminb

OD minatminbc-minlatblc-fminai-maxbf-maxlatblt.mu/ai- maxb

✗ lr
,
01
, ylr, -0)

The chain rule is rigorous only for smooth functions. It is false

.

""""" "" """ "

{
ooo

•

• arctan 1×11=1-7- arctank)

Wsh

z ( cos lap) - cos lxtp ))
• cos ✗ cos f- flush-f) + wslxtp ))
• sin✗ Wsp= Iz (sink- f) + sin /✗ + PD

Sinh
• sin ✗ ± sin p= 2 sin cos / 0¥)
• wsxtwsp = zoos (7) cos 1¥ )
• cost- Wsp = -2sin /¥) sin 1×+1-1

21h 21T 21M
• ↳ sin""+" (×)d×=[Tos """ 1×1 dx = 0 he IN

• ↳sin4×1 dx = Sows4×1 dx= IT


